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The unimodular metagravity, with the graviscalar as a dark matter, is compared 
with General Relativity (GR) in the presence of a scalar field. The effect of the 
graviscalar on the static spherically symmetric metric is studied. An exact limit 
solution representing a new cosmic object, the (harmonic) graviscalar black hole, is 
given. The relation with the black hole in the environment of a scalar field in GR 
is discussed. 



The explicit violation of the general covariance may serve as the resource of the dark 
matter (DM) of the gravitational origin pQ . Under the residual unimodular covari- 
ance, when the local scale invariance alone is violated, the metric comprises precisely 
one extra degree of freedom, the (massive) scalar graviton, or the graviscalar, in ad- 
dition to the massless tensor one. Such an extension of General Relativity (GR) 
may be termed the unimodular metagravityQ In the present report, we consider the 
influence of the graviscalar on the spherically symmetric metriccl An exact limit 
solution to the unimodular metagravity equations representing a new cosmic object, 
the (harmonic) graviscalar black hole, is given. The relation of the latter with the 
black hole in the presence of a scalar field in GR is discussed. 



Metagravity Lagrangian The Lagrangian of the unimodular metagravity, 
with the graviscalar as DM, is superficially similar to the GR Lagrangian in the 
presence of a scalar field. More particularly, 



1 To distinguish from the unimodular relativity 2 which also possesses the residual unimodular 
variance, but with one component of the metric explicitly removed. 
2 Partly, this was studied in J3J. 



Abstract 



1 Introduction 



2 Metagravity vs. GR 



L — L g + Lh + L m + Lgh + Lmh, 




with the gravity and graviscalar contributions being conventionally as follows: 



L g = -^ 2 g R(9tiu) -A, 

L h = \d X -d X -V h {x). (2) 

In L g , R is the Ricci scalar, g^ v is the metric, K g is the gravity mass scale, Kg = 
1/(8ttG), with G standing for the Newton's constant, and A is the cosmological 
constant. In Lh, x is the graviscalar field, dx • dx = 9^ v d^x^uX an d Vh is the 
graviscalar potential. Let xo be the position of a minimum of the potential. Nor- 
malize the latter by the condition Vh\ xo = attributing the rest to the A-term. 
The Lagrangian L m of the ordinary matter has the conventional form including the 
minimal interaction with gravity. The nonminimal interaction Lagrangians, L g h 
and L m h, are absent in the minimal unimodular metagravity we consider. 

The peculiarity of the unimodular metagravity compared to GR with a scalar 
field is contained in the definition of the graviscalar field [1] : 

X = ^-ln— , (3) 
2 9h 

with Kh < G(Kg) standing for the unimodular metagravity mass scale and g = 
detg^. Of importance, is a non-dynamical scalar density of the same weight 
as g. Such a primordial density enters as a manifestation of the general covariance 
violation. Explicitly, gh can be given by its dependence on the observer's coordi- 
nates. Implicitly, it can be introduced by defining the (class of the) "canonical" 
coordinates, where gh = — 1. 

Metagravity equations Varying the action A = J Lyf^gd A x with respect to 
gavi under fixed gh, we arrive at the equations of the unimodular metagravity: 

R/j,v "^Rd^u — 2 yLmfiu ^h^v ~i~ ^A|ti/)j (4) 

I Kg 

with R^ u being the Ricci curvature tensor. In the above, T miiv is the energy- 
momentum tensor of the ordinary matter, T\u U = A<7«„ is the vacuum contribution 
and Thav is the graviscalar one. The latter has the form conventional for a scalar 
field: ^ 

T h ^u = d^xduX ~ • dx ~ Vhjg^, (5) 

except for Vh being the metapotential: 

V h = V h + K h (^ + V -V X ), (6) 

with Vu standing for a covariant derivative. 

Due to the contracted Bianchi identity, the tensor of the total energy-momentum 
satisfies the covariant continuity law: 

v„cr ro £ + r h £ + r A £) = o. (7) 
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By this token, the graviscalar can naturally be treated as DM of the gravitational 
origin. In the ordinary matter vacuum, Trniw — 0; the continuity law results in the 
field equation of the graviscalar alone: 

V-V X + ^ = 0, (8) 
OX 

with the metapotential reducing to 

V h = V h + A h e-^, (9) 

where Ah is an integration constant. In the limit = 0, we recover the GR 
equations for gravity and a scalar field with the conventional Thau- At a finite A^, 
the difference between the unimodular metagravity equations in the matter vacuum 
and the GR equations in the presence of a scalar field reduces to the indicated 
substitution Vh — ► Vh- 

Spherical symmetry Consider the spherically symmetric metric around a cen- 
ter. The line element for such a metric in the polar coordinates x° = t, x m = 
(r,9,cp), m = r,9,cp, looks most generally like 

ds 2 = adt 2 - bdr 2 - cr 2 dQ, dQ = d0 2 + sin 2 9dcp 2 . (10) 

The field x has the same form as in the quasi-Galilean coordinates: 



l vabc 

X = K h ln^^. (11) 

In the static case we consider, the metric variables a, b and c are the arbitrary 
functions of r alone. The same is true for g^. The graviscalar energy- momentum 
tensor is then 

ThZ = (^x' 2 + V h )5Z-±x' 2 W5:, v,v = 0,r,9,<p, (12) 

with the prime designating the derivative with respect to r. In the matter vacuum, 
T mF = 0, the metapotential Vh is given by eq. but for a singular point r = 0. 

Fix the choice of the radial coordinate by the condition ab = 1. Designating 
A = a = 1/6 and C = cr 2 we get the unimodular metagravity equations in the 
empty space as follows: 

(lnC)" + ~(lnC)' 2 = -- 2 x'\ 

l Kg 

A" - A ((In C)" + (In C)' 2 ) + 2C~ l = 0, 

2 

K 



A" + A'{\nC)' = -^{V h + A + A h e-xl^). (13) 
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Harmonic solution Consider the limit Vh = Ah = 0. It results in the harmoni- 
city condition, V-V% = 0. The respective solution of the metagravity equations may 
be called the harmonic one. Besides, we take A = 0. In this case, the unimodular 
metagravity equations in the empty space coincide with the GR equations in the 
presence of a free massless scalar field. The exact solution to the latter equations 
was first found in a different context by Buchdahl [4] . We straightforwardly recover 
the solution as follows: 

A = (l- r ±^ h 



r 



= ±^lln(l- r -±), (14) 

with r/i and "jh being some integration constants. Thereof, we can find gh in the 
given coordinates. The graviscalar field is defined modulo an additive constant. Call 
the respective cosmic object the harmonic graviscalar black hole. For consistency, 
\lh\ < 1- By taking 7^ = 1, we recover the Schwarzschild black hole: a = 1/b = 
1 — r/j/r, c = 1 and x = 0- Incidentally, g^ = —1 in this case. 

Post-Newtonian approximation To confront the harmonic solution with ob- 
servations choose the isotropic coordinates, with a new radial coordinate f defined 
through c = b, so that 

r = f(l + j,y, r>r h /4. (15) 



This results in 



V 4f^ / V 4f 
(-\ _ ^A 2(1 - 7h Vi _j_ ^\ 2 ( 1+ ^) 



± 2Vl-7lln((l-^j/(l + ^j). (16) 



Decomposing the solution in r^/r we get up to the terms 1/r 2 

a = 1-% + -^, 
v 2 r 2 



r„ 



r 8 f 2 



T-Ti (17) 
r 



where we have replaced the two intrinsic parameters, and 7/1, by the two effective 
ones, r g and r s , as follows 



r g = Jhrh, r s = V 1 - ll r h- (18) 

Identifying r g > with the gravitational radius, we see that the metric of the 
harmonic graviscalar black holes (r s 7^ 0) reproduce asymptotically the metric of 
the Schwarzschild black holes (r s = 0) up to the first post-Newtonian approximation, 
i.e., a up to 1/r 2 and b up to 1/r. The only restriction is that 7^ ^> (r^/r) 1 / 2 for f 
at hand. 
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Graviscalar vs. ordinary scalar Clarify the physical content of the harmonic 
solution. Let T^ v = T mfll/ + Th^v be the energy-momentum tensor of the ordinary 
matter and the graviscalars. Let T gfjLV be the Einstein gravitational pseudo-tensor 
in the quasi-Galilean coordinates (x°,x n ), n = 1,2,3. Neglect by the A-term. A 
result due to Tolman [5 J states that the total energy (mass) M of a static isolated 
distribution is given by 

M = J (T ° + T g t) V^d 3 x = J (T ° - T") ^-gd\. (19) 

In view of the gravity equations, this results in 

M = 2k 2 [ I§yf^}d z x, (20) 
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with the integral saturated by a <5-function singularity. We have 

R°o = ^ = -l9 kl V k V l lnA, (21) 
where Vfc is a spatial component of the covariant derivative and 

g kl = _ An k n l _ l^fikl _ 

with n k = x k /r, r = |x| = {8 k ix k x l ) l l 2 . The Gauss theorem reduces then the 
volume integral to the integral over a remote surface a as follows: 

M = ~4j V=99 kl di In Ada k , (23) 

with y/— g = c. Returning back to the radial coordinate r = |x|, with d k = 
5kin l d/dr, da k = n^dQ, we get 

M = ^K 2 glh r h = r g /(2G). (24) 

Partite M onto the contributions M m and Mh of the ordinary matter and gravi- 
scalars, respectively, as follows: 

M = M m + M h = J Y (T m ° - T m l) + (T h ° - Tfi) ) ^d 3 x. (25) 

The graviscalar contribution is 

M h = -2 [ V h ^d 3 x = -2k h [ V • V X V=gd 3 x, (26) 



with the integral saturated by a singularity at r = 0. The term V • Vx is produced 
ultimately by its self-consistent coupling with Rq as a source. The Gauss theorem 
transforms the volume integral to the surface one with the result: 



M h = ±ATT Kg K hX j2{l - 7 2 h )r h = ±^\]2{lh 2 - 1)M. (27) 

Kg 

The parameter 7/, characterizes thus the graviscalar contribution to the total mass. 
With M > 0, imposing > and M m > we get the restriction: 



The upper bound corresponds to the Schwarzschild black holes with = 0, while 
the lower bound to a pure graviscalar cosmic objects, the graviballs, with M m = 0. 
Finally, the physical meaning of the two effective parameters, r g and r s , introduced 
previously is as follows: r g ~ M and r s /r g ~ M^/M. 

Let now % be a scalar field in GR. Though the solution found is the same in GR 
and the unimodular metagravity, the physical interpretation of the solutions in the 
theories is quite different. First of all, in GR V/, = Vh = everywhere, incuding the 
center, and hence Mh = 0, M = M m . Further, consider the integral 

A = J V • V X V=gd 3 x. (29) 

By means of the Gauss theorem we get 

A = T 4™ fl ^/(1 - -f 2 h )/2r h = Ts/Vll ~ lv^GM. (30) 

To saturate the volume integral, a central singularity is required. In distinction 
with the graviscalar, an ordinary scalar is not coupled with Rq. For consistency, we 
should thus admit that such a field is produced by the central matter as a source. 

Let a black hole surrounded by an ordinary scalar field in GR, say a dilaton, 
model a typical cosmic object with M = M m ~ m^N, where is the nucleon 
mass and N is the number of nucleons in the object. Introduce the dilatonic "charge" 
per nucleon, 8n = A/N. This fixes jh as a universal parameter of the theory, not 
of a particular solution. The scalar mediated forces being attractive in nature, the 
interaction between two remote cosmic objects with the nucleon numbers N and n 
(masses M and m, respectively) is given by 

SU = Jl^c,(l-l h l) 4 ^ m . (31) 

This correction affects already the Newton's limit and imposes the severe observa- 
tional restriction on the model. Barring a fine tuning, we should require that 7^ ~ 1, 
allowing in GR practically just the Schwarzschild black holes. In contrast, 7^ in the 
metagravity may differ for the various objects. Thus, an analogous restriction for 
the graviscalar exchange can, in principle, be abandoned not excluding a priori the 
cosmic objects with j h ^ 1. 



3 Conclusion 

The unimodular metagravity is a viable extension of GR in the presence of a scalar 
field. The harmonic graviscalar black holes deserve further studying as an extension 
of the Schwarzschild black holes. Of particular interest are the pure graviscalar 
cosmic objects, the graviballs, with their counterpart in GR missing. Nevertheless, 
the peculiarity of the unimodular metagravity and graviscalar should expectedly 
manifest itself to the full extend in the nonharmonic black holes. Studying the latter 
ones is a crucial issue to ultimately treat the graviscalar as DM in the Universe. 



6 



References 



[1] Yu. F. Pirogov, Yad. Fiz. 69, 1374 (2006) [Phys. At. Nucl. 69, 1338 (2006)]. 
[2] J. L. Anderson and D. R. Finkelstein, Am. J. Phys. 39, 901 (1971). 
[3] Yu. F. Pirogov, Yad. Fiz. 71, 309 (2008) [Phys. At. Nucl. 71, 289 (2008)]. 
[4] H. Buchdahl, Phys. Rev. 115, 1325 (1959). 

[5] R. C. Tolman, Relativity, Thermodynamics and Cosmology (Oxford at the 
Clarendon Press, 1969). 



7 



